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Permanent Magnet DC motors

We consider permanent magnet DC motors. Other kinds include
AC motors and brushless DC motors.

A model for the motor torque is τ = Kmia, if the flux in the motor
is constant. The current is generated by a voltage source, and has
dynamics

L d
dt ia + Ria = V − Vb , (1)

where L is the motor inductance, R is the winding resistance, Vb is
the back EMF and is proportional to ωm, the motor speed.
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PMDC Model

The dynamics governing θm are

Jmθ̈m + Bmθ̇m = τm − τl/r (2)
= Kmia − τl/r (3)

We can rewrite (1) and (5) as

(Ls + R)Ia(s) = V (s)− Kb sΘm(s), (4)
(Jms2 + Bms)Θm(s) = KmIa(s)− τl(s)/r (5)

We combine these equations to obtain

s ((Ls + R)(Jms + Bm) + KbKm)Θm(s) = KmV (s)− (Ls + R)

r τl(s).
(6)
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Fast Electrical Dynamics

The electrical time constant L/R is much smaller than the
mechanical time constant Jm/Bm. So, we can divide by R and set
L/R to zero, obtaining.

s
(
(Jms + Bm) +

KbKm
R

)
Θm(s) =

Km
R V (s)− 1

r τl(s).

Setting u ← KmV /R , and B ← Bm + KbKm/R , we obtain the
motor equation as

J θ̈m + Bθ̇m = u(t)− 1
r τl . (7)
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Combined Link-Actuator Model

Let’s combine the motor m with the link l

Jmθ̈m + Bθ̇m = u(t)− 1
r τl (8)

Jl θ̈l + Bl θ̇l = τl (9)

Due to the gears, θ̇m = r θ̇l . We eliminate θm and substitute
θl → qk to obtain(

Jmr2 + Jl
)

q̈k +
(
Br2 + Bl

)
q̇k = ru (10)

Main takeaway: When gear ratio r is large, then link inertia
becomes negligible compared to the motor’s inertia.
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Full Euler-Lagrangian Model

D(q)q̈ + C(q, q̇)q̇ + G(q) = τ + τfriction + τe ,

becomes

M(q)︸ ︷︷ ︸
+motor inertia

q̈ + C(q, q̇)q̇ + Bq̇︸︷︷︸
+motor friction

+G(q) = u + τe ,

where u denotes the input due to the voltage, whereas τ was the
torque acting on the link joint.

In particular,

uk = rk
Kmk

Rk
Vk ,

where θmk = rkqk , and M(q) = D(q) + J , and J is diagonal with
r2
k Jmk as kth diagonal element.
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Implications of PMDC Motors

I The gear ratio is high (≈50 - 200),
J dominates D(q) and other terms

I =⇒ M(q) ≈ diagonal, dynamics of links nearly independent
I High gear ratios are good for position control
I They amplify nonlinear motor friction, introduce friction

I the relationship τ = K I = KV /R breaks down (cannot set
torque without feedback)

I In dynamic robots, preference for Direct-Drive (r ≈ 1) and
Quasi-Direct-Drive motors (r < 10)

I Brushless, QDD Motors, instrumental in 4-legged bots

I Huge boost in robotics due to better QDD motor supply chain
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